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(Shuffle − Exchange Network), éË (Star Graph), êë¦§
(Butterfly Network), ìí¦§ (Honeycomb Network), îïð¦§
(Pyramid Network). ñâ Behrooz Parhami òóôõ [91] ö÷øùúûüýþÿ ¤¥¦§ÄÅ¨Æ¦§	ö¯°
ò¹à¨Û³û¨Ú²¾	Ë¨³ÒÕÜÝ¿º×²ßÉÄË !Ç"#$úû%ÌÕö&'(&')*+,ß-ùÌ.'/0Ì1234¨56 úû¯°789	Ú:-Ä
;³ü²<=¤¥¦>?¨ò@ABö¨úûC×DEïFGH¢å®&IJ	KÞß?LM=Ë REmn , ÛÆÌÕN=OP REmn   QRÌ Zm ¿³´Ì Sn .' Zm o Sn(m ≥ 3, n ≥ 3) S Cayley
Ë¨ÜÝóTµ¹Ò¨úûUÚÞóSVWXY¢®¿&Z[¡S\
D(REmn ) ≤ 3(d
n+1
2
e)2, ]^¨_ÕÞß`õa¦>òóSbcµ¹¨dÒ¨ef¦>Çghi 2 ùÌ Zn2 Sãäåæ (Qn), ³´Ì Sn SéË/0.'
Zm o Zn Säåæ¥].ÍÞVWjkÄ
@lBmneoãäåæ CQmn pqãrRs t- ! Û̈OP÷uË CCRmn   .' Zm o Zn (m ≥ 3, n ≥ 3) S Cayley Ë¨UÚÞóSVWXY¢®¿&Zvwx¨ÛÍó234ËuçèR¦>¨çèR¦>yzÍ 
CCRmn
134ËãrRs CQmn /0 De Bruijn Ë¿çè©ª¦>
SE(m, n)
{|}	æÄúû~³ßoãäåæ KQmnÍÞ_Õ d̈ÒÕOÞ KQmn  ã- () ¥­ ÜÚÞµ-&ZS\[¡ DKQmn −F (x, y) ≤ n + 3, óö x, y ∈ KQmn − F , F Îµ-4
|F | ≤ 2n(m − 1) − m − 1.














∼= Kd1Kd2 · · ·Kdn






n, k, m = [n0n1 · · ·nk−1]
0
d = [d0d1 · · · dk−1]
o Kautz ²Ë DKN(n, k, m, d)¥­=Î k−1∑
i=0
di,¸&Z

















The base of information society is interconnection network, and com-
munication algorithm is the key of information exchange. Seeking network
topologies with good properties such as symmetry is indispensable to realize
all kinds of effective communication algorithms and protocols. Since S.B.
Akers and B. Krishnamurthy advocated using Cayley graph(group graph)
as the models of symmetric interconnection networks, some versatile net-
work designers and experts in graph theory introduce and research on a
sequence of topologies, such as Hypercube, De Bruijn and Kautz graph,
Shuffle Exchange network, Star graph, Butterfly networks, Honeycomb
and Pyramid networks, etc. As Behrooz Parhami said in his monograph,
we are sinking in the sea of networks. Naturally, finding intrinsic connection
among the network topologies, classifying and deducing construction idea is
important in theory research and practical application. The expansion and
contraction of graphs recall us the product, semidirect product and more spe-
cially, wreath product, and coset of groups. This is the point of our departure
for new topologies.
In contrast to the even degree graphs, by the word string with rank, we
directly construct a family graphs of odd regular degree, namely REmn . We
prove that REmn is the Cayley graph of wreath product ZmoSn(m ≥ 3, n ≥ 3).
After analyzing its combinatorial properties, a simple routing algorithm with
an upper bound of diameter D(REmn ) ≤ 3(d
n+1
2
e)2 is offered. Some embed-
ding properties are presented before we compare it with Hypercube, Star
graph and Cube−Connected Cycles based on different groups, respectively.
Section 3 expands Super Torus CQmn to obtain a Cayley graph based
on wreath product Zm o Zn(m ≥ 3, n ≥ 3). Optimal routing algorithm
and exact diameter are given before we construct its right and left coset
graph. Shuffle Ring, right coset graph of CCRmn , is the isomer of Super
Torus CQmn , De Bruijn graph and Shuffle Exchange Network SE(m, n).














tex(edge) connected and its restricted fault diameter is upper bounded by
DKQmn −F (x, y) ≤ n + 3, where x, y ∈ KQ
m
n , F is a restricted fault vertex set
and |F | ≤ 2n(m − 1) − m − 1.
In Section 4, using the method of vector partitioning, we unite the defi-
nition of generalized hypercube G(d1, d2, . . . , dn) ∼= Kd1Kd2 · · ·Kdn and
Kautz network, and construct a novel class of network topologies which has
the generalized hypercube and the Kautz network as its two extremes. The
proposed network inherits the topological properties of both the two extremes
to a varying degree. Thus, depending on the practical applications, the net-
work designers are free to choose the topological structure. This reconcilia-
tion has the idea of growing new structures out of old ones. By constructing
container, we prove that the generalized kautz graph DKN(n, k, m, d) with





di, wide diameter dκ(DKN) ≤ n + 2, and fault diameter
Dκ(DKN) ≤ n+2. Finally, we give a method to construct a hamilton cycle.
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[16, 61, 76, 118].ñ¨õ©ª/« (nodes) ÷7¿¬ (vertices), ­®® (channels
or links) ÷7¿a (edges) ¯ (arcs) K°§Èù±ÝÞ¿ÝÞ7ä²¿ª°³´1±µ¶·¸§
§ 1.2 ¹º»¼½¾¿ÀÁ¾
ÂÃÄÅÆÇªÈÉÂÃÇÊÄËÌÍÎ±ÏÅÆÇÄÐÑÂÃ³vªÒÓÔÄÕÖ§ÅÆÇª³×ØÙÄÍÎ±ÚÅ·ÛÜÝÞßÅÆÇ±àáâãÅÆÇää§åæ±ÒÓçèÂÃéêëìíîïð«ñò´ÂÃÅÆÇÄóô±õö÷øùÇ§ÂÃøùÇÄúûüýþÿ Å÷ÿÍÄ























Menger O Whitney ·¸¬q¹×ÂÃéêëìÄiºÄ»¼y





(1) ÆÇã´ G q κ $ÑÄÈÉ G ÄÊË×ÌÍÎÏ$«D !GF
κ
ÂÐ$ÌÍ7Ä}Ñ





Gq k$%&('ÑÄF q× !v k×$ÄÚÛu ∈ G−F ,ÜÝ
u  F «D !GF k ÂÐ$ %&('Ì7Ä}y 2ÄÅ
1.2.3. Whitney Þßà [114,119]©ÊËÑ´
G
áX
















éêëìÄL~üýÞßJKqÄÈFøùÃë$%&'ÑÄø%öñò'qäïÄ÷WTüýøùÃÜÝÞßJKÒÓn×ìÄÜøùL~ [2,19,36,40,85]. øùL~ (Fault
Tolerant Diameter)
Ä qKrishnamoorthy Krishnamurthy [75] !"êÄ#F«$³Ó%BæçT¾¿Wå×ÍÎÌ³Óö÷L~&'Ç
(V ulnerability). ()¾¿ë{Å J.C. Bermond, J. Bond, M. Paoli
 C. Peyrat Ä*+,p- [13].Ä.
1.2.1.
Ù
G qÑ/0´&õÑX0´F ⊆ V (G) ÷ G Ä$ñòÛ
x  y q G−F Ä×$è x @ y Ä ω − 1 $øù123÷
Dω(G; x, y) = Max|F |<ω{dG−F (x, y) | F ⊂ V (G)}.
øù12Ä34Dω (G; x, y) = ∞ Ä$ñòÛ F Ä56rs |F |ä©
x  y ÄÑü κG(x, y). Menger O4 Dω(G; x, y) X×XÈÉ








{Dω(G; x, y) | x, y ∈ V (G)}.
34 D1(G) üq G ÄL~ d(G), ÈX





Gq k Ñ/%X'0´ (I κ(G) ≥ k),
x  y q G ×ÌDÄÏ$y Menger O4 G GF k ÂÐ$Ì7Ä
(x, y)−
îo}à7÷
P = {P1, P2, . . . , Pk}, Eö k−Container. P }Ärÿ¯ü÷ d(P ) = max{d(Pi) | i = 1, 2, . . . , k}. 7 Pk(G; x, y) ÷ G 
x, y
«DÄAX


















dk(G; x, y), 3÷
dk(G; x, y) = min{d(P ) | P ∈ Pk(G; x, y)},




ÂÐ$Ì7È¯üÌI d Ä (x, y)− îo}ày	©øùL~ Dk(G) Ä3´ G ÄýL~ dk(G) 3÷
dk(G) = max
x,y∈V (G)
{dk(G; x, y) | x, y ∈ V (G)}.
34 d1(G) üq G ÄL~ d(G), ÈX
d(G) = d1(G) ≤ d2(G) ≤ · · · ≤ dk−1(G) ≤ dk(G).






!"êîï (x, Y ) [ (Y, y)[M}¯îê\üý}]^M_`\_abëJc (1994) ö÷ Rabin _ [42,84,96].Ä.
1.2.3.
Ù
G q k(≥ 1) TX0´ G M Rabin _ rk(G), q
\rs¹_ l, H G ÊËÏ$ x  G − x Êd k \Ï$MÚÛ
Y , G
GF\ (x, Y ) [ Fk(x, Y ), H>MÊËÂ}M¯ ≤ l.
G qõT´ r1(G) = d(G), È κ(G) ≥ k ) Menger O4 rk(G) X\MyÊË k (1 ≤ k ≤ κ(G)), X




G q k− TM>L~e d, ¬fMghL~ªýL~i Rabin _`j\_«DXzkl
(1) Dk(G) ≤ dk(G); Dk(G) ≤ rk(G); dk(G) ≤ rk(G) + 1;
(2) d2 ≤
{
max{D2 + 1, (d − 1)(D2 − d) + 2}, d ≤ d(D2 − 1)/2e;
max{D2 + 1, b(D2 − 1)

















Dk + 1, Dk−1 = 2;
max{Dk + 2, b(Dk)
2/4c + 2}, Dk−2 = 2, Dk−1 ≥ 3.
(3) r2(G) ≤ d2(G); rk(G) ≤ max{dk(G), (k− 1)dk(G)− 4k + 7}, k ≥ 3.
2Ä.
1.2.4. mno %p'qrs [10,58] Ù G q\ k t¬´X

















G qITMveITM (Super Connected).













(Restricted Fault Diameter)¹ÏÐ [45,46], Á½¤ã¥Î¦ë¹æË !"#$%&óéô'(­ 
)(­ ¹*+,-
[34,56,79,80,82,88,98,117]../
1.2.6. 0123456789:012;<=> × G = (V, E) Î?@ 
F A V 4÷ E 6¹BCÆÙD G−F üÎEüFGHIJK
F A G ¹ËI 46L¯ G ¹ËI 46Î	MA κ′(G)
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